Distributive-Law Semantics for Cellular
Automata and Agent-Based Models
Appendix

Baltasar Trancén y Widemann and Michael Hauhs

Baltasar.Trancon@uni-bayreuth.de
Ecological Modelling, University of Bayreuth, Germany

This is the appendix and electronic supplement to the article titled as above,
appearing in the Proceedings of the 4th Conference on Algebra and Coalgebra
(CALCO 2011), Lecture Notes in Computer Science, Springer-Verlag.



Appendix

A Omitted Proofs and Examples

Proof (Lemma 2). Let (A, a) be an initial X-algebra. The unique extension to
a A-bialgebra, by clause (b) of Definition 5, is (B*a)?. It remains to show that
the A-bialgebra (A, Q, (BAa)?) is initial: Let (X, f, g) be any A-bialgebra. Then
f?7:a — fis the unique X-algebra homomorphism. We show that it is also a
B-coalgebra homomorphism f? : (B*a)? — g, that is go f? = Bf? o (B*a)?
(see Fig.8, dotted arrows), by demonstrating that both sides of the equation
are Y-algebra homomorphisms o — B*f, of which there is only one, namely

(B M)?.

1. go f?:a — B f is just the composition of f?:a — fand g: f — B*f.
2. Note that functor B takes the commuting diagram for f7 : o — f to another
commuting diagram (see Fig.8, bottom) that is used in step (}) below:

Bf o 2(Bf?o(Ba)?)
BfoAx o X (Bf?o (B a)?)
(functor X) = Bf o Ax o YBf? 0 X(B*a)?

(definition) =
) =

(natural \) = Bf o BYf?0 X4 0 ¥(B*a)?
)=
)

(t) = Bf? o Bao g o (B a)?
(bialgebra) = Bf? o (B*a)? o

Hence Bf?o (B*a)?:a — f. O
Proof (Theorem 2). Naturality follows from naturality of si™. Verify context
axioms:

(C1) Shape preservation of v follows from shape preservation of :

WT('yl (ckH x)) =Wt (VVC’ﬁ (sl+(c - x)) (Al (m)))
= (WtowCH(sl* ek u)) ) (Ra
(functor W) = (T ot (sl (cka )) (X1 (z
:C172 -1

(uniqueness) = Wi(x1(z))
(Lemma 5) = x

)

(C2) Since sit is defined in terms of si* only, v cannot distinguish similar
neighborhoods. O
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Fig. 8. Proof diagram for Lemma 2.
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Fig. 9. Proof diagram for Theorem 1. Morphisms are unique: g = (BAa)? by initiality
of a and i = (¥ w)! by finality of w, respectively; hence h = (B*a)?! = (Z\w)!?.



Ezample 5. Compositionality laws for the von Neumann context as specified in
Example 4 can be given as:

cosingleton, ((n, e, s,w)) = (V'n,\e,\s, /w)

cohwrapy, (z, (n,e,s,w)) = (n,z,s,z)

covwrapy (z, (n, e, s,w)) = (z,e,z,w)
cobeszdeL(ajl,mg,(n e, s, w)) = ( ny, T2, $1, W), (N2, e, 52,301))
coaboveL(xl,J;g, n,e,s, w)) = ( n,e1, e, w), (x1, €2, S, wg))
(n1,n2) = hsplzt(n wd (1 ) (e1,e2) = vsplzt(e ht(x; )
(s1,52) = hsplit (s, wd(z1)) (w1, wg) = vsplit (w, ht(z1))

where

1. the diagonal arrows select corner elements: /& = sl*(z)(ht(z) — 1,0) etc.

2. the operation hsplit maps (z, k) to some pair (z1,22) such that wd(xz1) =k
and 21 | g &~ 2.

3. the operation vsplit maps (x, k) to some pair (x1,x2) such that ht(x1) = k
and x1 / o ~ .

Lemma 6. The laws given above are compatible with the distributive law of the
von Neumann context as specified in Example 4.

Proof. Straightforward, but rather verbose syntactic case dinstinction. Let ¢ =
(n,e, s, w).

Whu(ck ) = (Wuoryp)(ch x)
= Wu(WCH(sI" (e 2)) (R0 ()

Now abbreviate si*(cF z) to v.

1. Singleton:
Wu(ct [a]) = Wu <Wc% ))>
— Wu (Wc% 0)]))
= wu(We([-1,0), (0.0, (1,0), 0.1 - 0,01
[u C*o((~1,0), (0,1), (1,0),(0,—1%(070)))}

[u ( v(0,1),v(1,0),v(0,—1) "U(070))}
= [u(y'n,Ne,Ns, Swha)l
=

u(cosingleton(c) - a)]



2. Wrapping (only < shown, ¥ dual):
Wlu(ctz7) = Wu (WC’”U()?L (Z‘H))>

:Wu<wc%((wcﬁfz (Re(2)) H))

<Wu(WCﬂ(v o fx Xc(x ) K
(Wu(cohwrapp (z,c) - x)

(Wa(wer s ot .0 ) (oo >>))

Verify that vof, = sl (cka)of, = sl (cohwrapy (x, c)Fx) by case distinction
according to the definition of si™.
3. Composition (only | shown, / dual):

Whu(ek @y | x2) = Wu(WC’ﬁv()/(\L(m | 332)))
=Wu <Wc%(>2L(z1) | WC*h, (>?L(o:z)))>

= Wa(WCh(Ru(en)) [ Wu(WCHv o h) (Rulw)))

Whu(er b aq) | Wu(ea b aa) = Wu(WCu(ler(cl F 1)) ()?L(asl)))
‘ Wu(wcﬁ(sﬁ(c2 ) (yL(xQ)))

Verify that (ci,cp) = cobesider, (21,22, c) implies sl (c; Fx1) = siT(ct )
and sl (cy - 3) = slt(cF x) o hy, on the domains ht(x1) x wd(z;) and
ht(xs) x wd(xs), respectively. O

Proof (Theorem 3). Show that A\%oX B, f = BS,; X foA% forall f : X — Y.
By completeness, for each r € X, BS,; X there is a rule such that

M (LBl f(r) = Ay <2LBI€I/Lf(k(31 Dli,..., 85,0 tn)))

:A?(k(BgVLf(SlDtl),...,B%/Lf(Sl Dtl)))
:A}u/(k}(sl[>f0t17...751l>f0t1))
splyo(foty X X foty)od(st,...,8n,-)
splyoffo(ty X - Xty)od(s1,...,8n,-)
(by syntactic naturality) = s> X folx o(ty X -+ X t,)0d(S1,...,8n,-)
= By Z1f (s> lx o (ty x -+ x ta) od(s1,... 50, )
:B%,LZLf()\“X(k(slDtl,...,snbtn)))

= B X f(A%(r) O



Proof (Fragment of Theorem 4). Show that (A,a, (Wu)”) is a A“-bialgebra.
(W7u)® o = Bao A o X(W7u)”
(Wu) (als)) = Ba(Ag (E(W”u)”(s)))
a(s) > Wu(-+ a(s)) = Ba(s' > t) s'pt=Ng(Z(WTu)"(s))
=spbaot

Proceed by syntactic case distinction:

s'ot=\4 (E(WWU)D([G]D

= Na([a])
by (2) = [a] > singleton 4 o u(_+ a) o cosingleton,
by (1) = [a]> o' o Wu(_F [a])

(ZW7u)”(s77))

(W) (s1)7)

= 7;1((51 >Whlu(-F 51))9)

by (2) = s7" > hwrap 4, o WY u(_F s1) o cohwrapy (s1, -)
by (1) = s pa o Wlu(_F s{7)

w
Q
—~
»
~
Il
»
=<4
o

o
2

§'ot =N (Z(W )" (1 s2))
= Na (W) (s1) | (W) (s2))
=4 ((sl >Wu(-k s1)) | (s2> Wu(-F 52)))
by (2) = s1 | s2> beside o (W'yu(, Fsp) x Wlu(_+ 52)) o cobesider, (81, S2, -)
by (1) = s1 | sa>a oW u(_F s1 | s2)

5. a(s) = s1 / sz dual.



Ezample 6 (Worked-out Semantics). Consider a world similar to the one de-
picted in Fig.4 and 5, left hand side, but with a nontrivial topology due to
nested wrapping; namely of the shape

z= (111 / K[ [LY)
for I, J,K, L € L. We use the geometrical orientation of the von Neumann context,
writing

for the template (n, e, s, wt z). The relocation map for singleton elements is (cf.
Example 4)

nd

(7170)

xe(la]) = ((o,—l) (0,0) (0,+1)>

(+1,0)

)

From this, the relocation map of our world is calculated bottom-up as

~ (0,0) T
xe(LY) = ((o,—n (0,0) (o,+1>>

(0,0)
N (=1,0) (=1,41)
xe(I1[]) = ((o’n (0,0) <o,+1>> | ((om (0.+1) (o,+2>>
(+1,0) (+1,+1)
(~1,0) (0,41) !
xe (K] | [LP) = ((07—1) (0,0) (0,+1)> | ((070) (0,41) (0,+2>>
(+1,0) (0,+1)
(—=1,0) (—1,+1)
((o,—1) (0,0) (0,+1)) | <(0,o) (0,41) (0,+2))
(+1,0) (4+1,41)

(0,0) (+1,41) !
/ <(+1,1) (+1,0) (+1,+1)) | <(+1,o) (+1,+1) (+1,+2))
(+2,0)

(+1,+1)
(—1,0) (=1,+1) AN
((07+1) (0,0) (o,+1)) | ((0,0) (0,+1) (0,0)>
Qo) = (+1,0) (+1,+1)
XL\T) = (0,0) (+1,41)
/ ((+1,+1) (+1,0) (+17+1)> | ((+1,0) (+1,+1) (+1,0)>
(+2,0) (+1,41)

The extended selection operation for von Neumann neighborhoods (Example 4)
for our world yields

(-1,0)—~c (-1,+1)—d
dtern =4 G7D=f 00= 04 S (0425 m
(+1,-1) = h (+1,0) » K (+1,+1)—=L (+1,42)—o0

(+2,0) =~ q  (+2,4+1) =

where ¢ = (n, e, s, w) and

c = sl*(n)(ht(n) —1,0) m=sl"(e)(0,0) q=sl"(s)(0,0) f=sl"(w)(0,wd(w)—
d=sl"(n)(ht(n) —1,1) o=sl"(e)(1,0) r=sl"(s)(0,1) h=sl"(w)(1,wd(w)—



Relocation map and extended selection define a distributive law; applied to our
world we find

vr(ckz) = wct (5l+(c H x)) ()?L(x))

= ((CEDON ] p)))”

and consequently a globalized update

Whu(ckx) = (Wuovyp)(ck z)

(GO AN (]
and automaton operation
(WTu)*(z) = x> Wu(-+ z)

On the other hand, the divide-and-conquer strategy requires both top-down
and bottom-up calculation. In general:

(B a)?oa = Bao\ o X(BN a)?
(B a)? = Bao A4 o 2(B* a)?oa™?
Syntax-related top-down phase:
so>to = (BN @)?(z) = (Bao XY o (B a)?oa™b)(x)
= (Bao X o X(B o)) (I 1]/ [K] L) 7)

~ ooy ( (B0 K 19) )
= Ba(s{” > hwrapyyp, oty o cohwrapy,(s1,-))
where s1 >t = (B a)?([I] | [J] / [K] | [L]*)
= (idwyr x (a0 ) (s{" > hwrapy, o t1 o cohwrapy (s1,-))

= s}7 > o hwrapy,, o t1 o cohwrap (s1, -)

(BY 0?1 U]/ K] L) = (Bao x) ((BY o)2(01 | 1) / (B )2 (K] | [LJ%))
= 89/ s3> o abovew o (ta2 X t3) o coabover (s, S3, -)

here {52 >to = (B a)?([I] | [J])
s3>t = (B a)?([K] | [L]%)

(B> @)2(1] | 1)) = (Bao X3) ((BX a)2(1) | (B @)2(1]))

= 84| 85> o besidey, o (t4 X t5) o besider (s4, S5, -)

where { sa>ta = (BYa)?((l])
s5 >t = (B a)?([J])



(B @)2([K] | L) = (Bao X4 (B @)2([K)) | (BY 0)?(1L]"))

= 56 | s7> o besidew 1, o (tg X t7) o besidey (sg, 7, -)

where {56 >ts = (BAHO‘)?([K])
S7 l>t7 = (B’\ua)(?([LF)

B a2 (1) = Bao Xy (B 02(L)) )
= sg > o o hwrapy,p, o tg o covwrapy (ss, -)
where sg > tg = (B’\ua)?([LD

Singletons:

(B a)?([a]) = (Ba o AY%)([a])

= [a] > « o singletony, o u(_F a) o cosingleton,

Output-related bottom-up phase:

sa=1[] ss=[] ss=[K = ss=][L]
s7 = [L]
so=[]1[]  ss=[K[[L]}
st=[1[J]/ K| [L}*

Input-related top-down phase:

COhwrapL (81, (TL, €, S, U})) = (TL, 815 S, 81)
coabove,; (327 53, (’I’L, 51, S, 31)) = ((77,7 52,53, 82)7 (327 53, S, 33))
cobesidey, (54, 85, (n, s2, 83, 52)) = ((na; 55,56, 55)s (N, 84, 57, 54))
where (n,,n1,) = hsplit(n, 1)
(5,565 5b 56) )
) = hsplit(s,1)

cobesider, (36,57, (52,5373,33)) = ((84,57,sa,57)

where (s,, sp

covwrap, (877 (85,565 b, 86)) = (877 56,57, 56)

Singletons again:

cosingleton(n,, ss, Se, 85) = (¢, J, K, J)
cosingleton(nyp, S4, $7,84) = (d, 1, L, 1)
cosingleton(syq, 7, $a, s7) = (I,L,q,L)
cosingleton(sz, se, 57, 56) = (L, K, L, K)



Transition-related bottom-up phase:
c d
t4(na, 55, 56, 55) = [ (J I J)} ts(nb, S4, 57, 54) = [u 1
L
6(84, 87, Sa, 7) { (LKL)} t8(87,36,87,36)=[u(KtK)}
(

t7(55, 56, Sb, S6) = [ (KEKﬂi

o = (LB OR)] =
=GR G ()

to = Wlu(ck x)

Hence we conclude (W7u)”(z) = (B*"a)?(z) and may invoke Theorem 4. O



