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Appendix

A Omitted Proofs and Examples

Proof (Lemma 2). Let (A,α) be an initial Σ-algebra. The unique extension to
a λ-bialgebra, by clause (b) of Definition 5, is (Bλα)?. It remains to show that
the λ-bialgebra

�
A,α, (Bλα)?

�
is initial: Let (X, f, g) be any λ-bialgebra. Then

f? : α → f is the unique Σ-algebra homomorphism. We show that it is also a
B-coalgebra homomorphism f? : (Bλα)? → g, that is g ◦ f? = Bf? ◦ (Bλα)?
(see Fig. 8, dotted arrows), by demonstrating that both sides of the equation
are Σ-algebra homomorphisms α → Bλf , of which there is only one, namely
(Bλf)?.

1. g ◦ f? : α → Bλf is just the composition of f? : α → f and g : f → Bλf .
2. Note that functor B takes the commuting diagram for f? : α → f to another
commuting diagram (see Fig. 8, bottom) that is used in step (†) below:

Bλf ◦Σ
�
Bf? ◦ (Bλα)?

�

(definition) = Bf ◦ λX ◦Σ
�
Bf? ◦ (Bλα)?

�

(functor Σ) = Bf ◦ λX ◦ΣBf? ◦Σ(Bλα)?

(natural λ) = Bf ◦BΣf? ◦ λA ◦Σ(Bλα)?

(†) = Bf? ◦Bα ◦ λA ◦Σ(Bλα)?

(bialgebra) = Bf? ◦ (Bλα)? ◦ α

Hence Bf? ◦ (Bλα)? : α → f . ��

Proof (Theorem 2). Naturality follows from naturality of sl+. Verify context
axioms:

(C1) Shape preservation of γ follows from shape preservation of �χ:

W †
�
γ1(c � x)

�
=W †

�
WC�

�
sl+(c � x)

��
�χ1(x)

��

=
�
W † ◦WC�

�
sl+(c � x)

���
�χ1(x)

�

(functor W ) =W
�
† ◦ C�

�
sl+(c � x)

�

� �� �
:C�Z2→1

��
�χ1(x)

�

(uniqueness) =W ‡
�
�χ1(x)

�

(Lemma 5) = x

(C2) Since sl+ is defined in terms of sl� only, γ cannot distinguish similar
neighborhoods. ��
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Fig. 8. Proof diagram for Lemma 2.
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Fig. 9. Proof diagram for Theorem 1. Morphisms are unique: g = (Bλα)? by initiality
of α and i = (Σλω)! by finality of ω, respectively; hence h = (Bλα)?! = (Σλω)!?.



Example 5. Compositionality laws for the von Neumann context as specified in
Example 4 can be given as:

cosingletonL

�
(n, e, s, w)

�
= (�n,�e,�s,�w)

cohwrapL
�
x, (n, e, s, w)

�
= (n, x, s, x)

covwrapL
�
x, (n, e, s, w)

�
= (x, e, x, w)

cobesideL
�
x1, x2, (n, e, s, w)

�
=
�
(n1, x2, s1, w), (n2, e, s2, x1)

�

coaboveL
�
x1, x2, (n, e, s, w)

�
=
�
(n, e1, x2, w1), (x1, e2, s, w2)

�

(n1, n2) = hsplit
�
n,wd(x1)

�

(s1, s2) = hsplit
�
s,wd(x1)

�
(e1, e2) = vsplit

�
e, ht(x1)

�

(w1, w2) = vsplit
�
w, ht(x1)

�

where

1. the diagonal arrows select corner elements: �x = sl�(x)(ht(x)− 1, 0) etc.
2. the operation hsplit maps (x, k) to some pair (x1, x2) such that wd(x1) = k
and x1 | x2 ≈ x.

3. the operation vsplit maps (x, k) to some pair (x1, x2) such that ht(x1) = k
and x1 / x2 ≈ x.

Lemma 6. The laws given above are compatible with the distributive law of the
von Neumann context as specified in Example 4.

Proof. Straightforward, but rather verbose syntactic case dinstinction. Let c =
(n, e, s, w).

W γu(c � x) = (Wu ◦ γL)(c � x)

=Wu
�
γL(c � x)

�

=Wu
�
WC�

�
sl+(c � x)

��
�χL(x)

��

Now abbreviate sl+(c � x) to v.

1. Singleton:

W γu
�
c � [a]

�
=Wu

�

WC�v
�
�χL

�
[a]
��
�

=Wu

�

WC�v
��
χ � (0, 0)

��
�

=Wu

�

WC�v
��
(−1, 0), (0, 1), (1, 0), (0,−1) � (0, 0)

��
�

=

�

u
�
C�v
�
(−1, 0), (0, 1), (1, 0), (0,−1) � (0, 0)

��
�

=
�
u
�
v(−1, 0), v(0, 1), v(1, 0), v(0,−1) � v(0, 0)

��

=
�
u(�n,�e,�s,�w � a)

�

=
�
u(cosingletonL(c) � a)

�



2. Wrapping (only ↔ shown, � dual):

W γu(c � x↔) =Wu
�
WC�v

�
�χL

�
x↔)

��

=Wu

�

WC�v

��
WC�fx

�
�χL(x)

��↔
��

=

�

Wu
�
WC�(v ◦ fx)

�
�χL(x)

��
�↔

�
W γu(cohwrapL(x, c) � x)

�↔
=

�

Wu
�
WC�

�
sl+(cohwrapL(x, c) � x)

��
�χL(x)

��
�↔

Verify that v◦fx = sl+(c�x)◦fx = sl+(cohwrapL(x, c)�x) by case distinction
according to the definition of sl+.

3. Composition (only | shown, / dual):

W γu(c � x1 | x2) =Wu
�
WC�v

�
�χL(x1 | x2)

��

=Wu

�

WC�v
�
�χL(x1) |WC�hx

�
�χL(x2)

��
�

=Wu
�
WC�v

�
�χL(x1)

��
|Wu

�
WC�(v ◦ hx)

�
�χL(x2)

��

W γu(c1 � x1) |W
γu(c2 � x2) = Wu

�
WC�

�
sl+(c1 � x1)

��
�χL(x1)

��

�
�
�Wu

�
WC�

�
sl+(c2 � x2)

��
�χL(x2)

��

Verify that (c1, c2) = cobesideL(x1, x2, c) implies sl
+(c1 � x1) = sl+(c � x)

and sl+(c2 � x2) = sl+(c � x) ◦ hx, on the domains ht(x1) × wd(x1) and
ht(x2)× wd(x2), respectively. ��

Proof (Theorem 3). Show that λu
Y ◦ΣLB

C
WLf = BC

WLΣLf◦λ
u
X for all f : X → Y .

By completeness, for each r ∈ ΣLB
C
WLX there is a rule such that

λu
Y

�
ΣLB

C
WLf(r)

�
= λu

Y

�
ΣLB

C
WLf

�
k(s1 � t1, . . . , sn � tn)

��

= λu
Y

�
k
�
BC

WLf(s1 � t1), . . . , B
C
WLf(s1 � t1)

��

= λu
Y

�
k(s1 � f ◦ t1, . . . , s1 � f ◦ t1)

�

= s � lY ◦ (f ◦ t1 × · · · × f ◦ tn) ◦ d(s1, . . . , sn, )

= s � lY ◦ fn ◦ (t1 × · · · × tn) ◦ d(s1, . . . , sn, )

(by syntactic naturality) = s � ΣLf ◦ lX ◦ (t1 × · · · × tn) ◦ d(s1, . . . , sn, )

= BC
WLΣLf

�
s � lX ◦ (t1 × · · · × tn) ◦ d(s1, . . . , sn, )

�

= BC
WLΣLf

�
λu
X

�
k(s1 � t1, . . . , sn � tn)

��

= BC
WLΣLf

�
λu
X(r)

�
��



Proof (Fragment of Theorem 4). Show that
�
A,α, (W γu)�

�
is a λu-bialgebra.

(W γu)� ◦ α = Bα ◦ λu
A ◦Σ(W γu)�

(W γu)�
�
α(s)

�
= Bα

�
λu
A

�
Σ(W γu)�(s)

��

α(s) � W γu
�

� α(s)
�
= Bα(s� � t) s� � t = λu

A

�
Σ(W γu)�(s)

�

= s� � α ◦ t

Proceed by syntactic case distinction:

1. α(s) = [a].

s� � t = λu
A

�
Σ(W γu)�

�
[a]
��

= λu
A

�
[a]
�

by (2) = [a] � singletonA ◦ u( � a) ◦ cosingletonL

by (1) = [a] � α−1 ◦W γu
�

� [a]
�

2. α(s) = s↔1 .

s� � t = λu
A

�
Σ(W γu)�(s↔1 )

�

= λu
A

�
(W γu)�(s1)

↔
�

= λu
A

��
s1 � W

γu( � s1)
�↔
�

by (2) = s↔1 � hwrapA ◦W γu( � s1) ◦ cohwrapL(s1, )

by (1) = s↔1 � α−1 ◦W γu( � s↔1 )

3. α(s) = s
�
1 dual.

4. α(s) = s1 | s2.

s� � t = λu
A

�
Σ(W γu)�(s1 | s2)

�

= λu
A

�
(W γu)�(s1) | (W

γu)�(s2)
�

= λu
A

��
s1 � W

γu( � s1)
�
|
�
s2 � W

γu( � s2)
��

by (2) = s1 | s2 � besideA ◦
�
W γu( � s1)×W γu( � s2)

�
◦ cobesideL(s1, s2, )

by (1) = s1 | s2 � α
−1 ◦W γu( � s1 | s2)

5. α(s) = s1 / s2 dual.
��



Example 6 (Worked-out Semantics). Consider a world similar to the one de-
picted in Fig. 4 and 5, left hand side, but with a nontrivial topology due to
nested wrapping; namely of the shape

x =
�
[I] | [J] / [K] | [L]�

�↔

for I, J,K, L ∈ L. We use the geometrical orientation of the von Neumann context,
writing �

n
w x e

s

�

for the template (n, e, s, w�x). The relocation map for singleton elements is (cf.
Example 4)

�χL

�
[a]
�
=

�
(−1,0)

(0,−1) (0,0) (0,+1)
(+1,0)

�

From this, the relocation map of our world is calculated bottom-up as

�χL

�
[L]�
�
=

�
(0,0)

(0,−1) (0,0) (0,+1)
(0,0)

��

�χL

�
[I] | [J]

�
=

�
(−1,0)

(0,−1) (0,0) (0,+1)
(+1,0)

�

|

�
(−1,+1)

(0,0) (0,+1) (0,+2)
(+1,+1)

�

�χL

�
[K] | [L]�

�
=

�
(−1,0)

(0,−1) (0,0) (0,+1)
(+1,0)

�

|

�
(0,+1)

(0,0) (0,+1) (0,+2)
(0,+1)

��

�χL

�
[I] | [J] / [K] | [L]�

�
=

�
(−1,0)

(0,−1) (0,0) (0,+1)
(+1,0)

�

|

�
(−1,+1)

(0,0) (0,+1) (0,+2)
(+1,+1)

�

/

�
(0,0)

(+1,−1) (+1,0) (+1,+1)
(+2,0)

�

|

�
(+1,+1)

(+1,0) (+1,+1) (+1,+2)
(+1,+1)

��

�χL(x) =







�
(−1,0)

(0,+1) (0,0) (0,+1)
(+1,0)

�

|

�
(−1,+1)

(0,0) (0,+1) (0,0)
(+1,+1)

�

/

�
(0,0)

(+1,+1) (+1,0) (+1,+1)
(+2,0)

�

|

�
(+1,+1)

(+1,0) (+1,+1) (+1,0)
(+1,+1)

�







↔

The extended selection operation for von Neumann neighborhoods (Example 4)
for our world yields

sl+(c � x) =






(−1, 0) �→ c (−1,+1) �→ d

(0,−1) �→ f (0, 0) �→ I (0,+1) �→ J (0,+2) �→ m

(+1,−1) �→ h (+1, 0) �→ K (+1,+1) �→ L (+1,+2) �→ o

(+2, 0) �→ q (+2,+1) �→ r






where c = (n, e, s, w) and

c = sl�(n)
�
ht(n)− 1, 0

�
m = sl�(e)(0, 0) q = sl�(s)(0, 0) f = sl�(w)

�
0,wd(w)− 1

�

d = sl�(n)
�
ht(n)− 1, 1

�
o = sl�(e)(1, 0) r = sl�(s)(0, 1) h = sl�(w)

�
1,wd(w)− 1

�



Relocation map and extended selection define a distributive law; applied to our
world we find

γL(c � x) =WC�
�
sl+(c � x)

��
�χL(x)

�

=

���
c

J I J
K

��
|
��

d
I J I
L

��
/
��

I
L K L

q

��
|
��

L
K L K

L

���
�↔

and consequently a globalized update

W γu(c � x) = (Wu ◦ γL)(c � x)

=

��
u
�

c
J I J
K

��
|
�
u
�

d
I J I
L

��
/
�
u
�

I
L K L

q

��
|
�
u
�

L
K L K

L

���
�↔

and automaton operation

(W γu)�(x) = x � W γu( � x)

On the other hand, the divide-and-conquer strategy requires both top-down
and bottom-up calculation. In general:

(Bλu

α)? ◦ α = Bα ◦ λu
A ◦Σ(Bλu

α)?

(Bλu

α)? = Bα ◦ λu
A ◦Σ(Bλu

α)? ◦ α−1

Syntax-related top-down phase:

s0 � t0 = (B
λu

α)?(x) = (Bα ◦ λu
A ◦Σ(Bλu

α)? ◦ α−1)(x)

= (Bα ◦ λu
A ◦Σ(Bλu

α)?)
��
[I] | [J] / [K] | [L]�

�↔
�

= (Bα ◦ λu
A)

��
(Bλu

α)?
�
[I] | [J] / [K] | [L]�

��↔
�

= Bα
�
s↔1 � hwrapWL ◦ t1 ◦ cohwrapL(s1, )

�

where s1 � t1 = (B
λu

α)?
�
[I] | [J] / [K] | [L]�

�

=
�
idWL × (α ◦ )

��
s↔1 � hwrapWL ◦ t1 ◦ cohwrapL(s1, )

�

= s↔1 � α ◦ hwrapWL ◦ t1 ◦ cohwrapL(s1, )

(Bλu

α)?
�
[I] | [J] / [K] | [L]�

�
= (Bα ◦ λu

A)
�
(Bλu

α)?
�
[I] | [J]

�
/ (Bλu

α)?
�
[K] | [L]�

��

= s2 / s3 � α ◦ aboveWL ◦ (t2 × t3) ◦ coaboveL(s2, s3, )

where

�
s2 � t2 = (B

λu

α)?
�
[I] | [J]

�

s3 � t3 = (B
λu

α)?
�
[K] | [L]�

�

(Bλu

α)?
�
[I] | [J]

�
= (Bα ◦ λu

A)
�
(Bλu

α)?
�
[I]
�
| (Bλu

α)?
�
[J]
��

= s4 | s5 � α ◦ besideWL ◦ (t4 × t5) ◦ besideL(s4, s5, )

where

�
s4 � t4 = (B

λu

α)?
�
[I]
�

s5 � t5 = (B
λu

α)?
�
[J]
�



(Bλu

α)?
�
[K] | [L]�

�
= (Bα ◦ λu

A)
�
(Bλu

α)?
�
[K]
�
| (Bλu

α)?
�
[L]�
��

= s6 | s7 � α ◦ besideWL ◦ (t6 × t7) ◦ besideL(s6, s7, )

where

�
s6 � t6 = (B

λu

α)?
�
[K]
�

s7 � t7 = (B
λu

α)?
�
[L]�
�

(Bλu

α)?
�
[L]�
�
= (Bα ◦ λu

A)

��
(Bλu

α)?
�
[L]
���
�

= s
�
8 � α ◦ hwrapWL ◦ t8 ◦ covwrapL(s8, )

where s8 � t8 = (B
λu

α)?
�
[L]
�

Singletons:

(Bλu

α)?
�
[a]
�
= (Bα ◦ λu

A)
�
[a]
�

= [a] � α ◦ singletonWL ◦ u( � a) ◦ cosingletonL

Output-related bottom-up phase:

s4 = [I] s5 = [J] s6 = [K] s8 = [L]

s7 = [L]
�

s2 = [I] | [J] s3 = [K] | [L]
�

s1 = [I] | [J] / [K] | [L]
�

s0 = x

Input-related top-down phase:

cohwrapL
�
s1, (n, e, s, w)

�
= (n, s1, s, s1)

coaboveL
�
s2, s3, (n, s1, s, s1)

�
=
�
(n, s2, s3, s2), (s2, s3, s, s3)

�

cobesideL
�
s4, s5, (n, s2, s3, s2)

�
=
�
(na, s5, s6, s5), (nb, s4, s7, s4)

�

where (na, nb) = hsplit(n, 1)

cobesideL
�
s6, s7, (s2, s3, s, s3)

�
=
�
(s4, s7, sa, s7), (s5, s6, sb, s6)

�

where (sa, sb) = hsplit(s, 1)

covwrapL
�
s7, (s5, s6, sb, s6)

�
= (s7, s6, s7, s6)

Singletons again:

cosingleton(na, s5, s6, s5) = (c, J,K, J)

cosingleton(nb, s4, s7, s4) = (d, I, L, I)

cosingleton(s4, s7, sa, s7) = (I, L, q, L)

cosingleton(s7, s6, s7, s6) = (L,K, L,K)



Transition-related bottom-up phase:

t4(na, s5, s6, s5) =
�
u
�

c
J I J
K

��
t5(nb, s4, s7, s4) =

�
u
�

d
I J I
L

��

t6(s4, s7, sa, s7) =
�
u
�

I
L K L

q

��
t8(s7, s6, s7, s6) =

�
u
�

L
K L K

L

��

t7(s5, s6, sb, s6) =
�
u
�

L
K L K

L

���

t2(n, s2, s3, s2) =
�
u
�

c
J I J
K

��
|
�
u
�

d
I J I
L

��
t3(s2, s3, s, s3) =

�
u
�

I
L K L

q

��
|
�
u
�

L
K L K

L

���

t1(n, s1, s, s1) =
�
u
�

c
J I J
K

��
|
�
u
�

d
I J I
L

��
/
�
u
�

I
L K L

q

��
|
�
u
�

L
K L K

L

���

t0 =W γu(c � x)

Hence we conclude (W γu)�(x) = (Bλu

α)?(x) and may invoke Theorem 4. ��


